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Abstract 



In this paper we introduce a generating function Fgf.{v){z) which is a polynomial in terms 
of z whose coefficients are some intersection matrices. This provides a uniform framework in 
which several intersection matrices can be extracted from F^f.{v){z). Several nice properties 
of F^f.{v){z) are derived by applying the operator d/dz and studying the operator zd/dz. 
In the new framework some well-known identities on intersection matrices arise as natural 
consequences. As an application two new bases for the Johnson scheme are constructed and 
the eigenvalues of a family of intersection matrices which contains the adjacency matrices of 
the Johnson scheme are derived. Finally, we determine the rank of some intersection matrices. 
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1 Introduction 

Let s, k, and v be integers satisfying < s < k < v. The inclusion matrix Wsk{v) is a (0, 1)- 
matrix whose rows and columns are indexed by s-subsets and fc-subsets of a w-set, respectively, 
and Wsk{v){S, K) = 1 if and only if S C K. This matrix has interesting properties and arise in 
many combinatorial problems particularly in design theory and extremal set theory (see [21 El [6l 
[T^ [131 [TS] ) . It satisfies several nice identities among which is 




(1) 



which holds ior i < s < k < v (see, e.g., [12 [THl [H] ) . A matrix which may be thought of as a dual 
for the inclusion matrix is the exclusion matrix: 



Wsk{v){S, K) 



1, \iSr\K^ 
0, otherwise. 



Usually for simplicity we drop v from the notations of Wsk{v)^ Wsk{v), and similar matrices 
introduced later in this paper. The exclusion matrix is related to inclusion matrix in some ways. 
Firstly, the matrix W sk is obtained from Ws,v-k by a permutation on its rows and columns. 
Secondly, it can be proved that the following nice identities hold: 



Wsk = Y.^-ir^zw.k, (2) 

s 

w,k = Y.{-irwzw,k. (3) 

Thirdly, these two matrices may be considered as intersection matrices in the sense that the entry 
(5, K) only depends oti\S Ci K\. In this viewpoint, a natural generalization of both matrices is the 
matrix U defined as 

1, if IS'nA'l =£; 
0, otherwise. 



Notice that in the definition of Ul^. the condition s < fc is no more required. In the case s — k the 
above matrix is well-studied; in fact the matrices f/^^,, for i = 1, . . . , A: are the adjacency matrices 
of the Johnson scheme J(w, k) (see Section 5 for more details). 

Other intersection matrices which are introduced in a different context are A^*^, and A\j^ defined 



by 

Nlk{S,K) = 
Kk{S,K) = 



Sf^K\-l 
t 

SDK 

i 



The matrix A^*^. was introduced in [9J (under the name M^fS) and more discussed in [TT] as an 
auxiliary tool to speed up an algorithmic search for finding i-designs with given parameters. (In 
that context the parameters are restricted so that t < k and t < s; here we usually do not assume 
such restrictions on the parameters unless it is clear from the context or mentioned otherwise.) 



For the matrix A*;, one can observe that 



Alk = WZW^k. (4) 
The intersection matrices Wsk, W sk, and A^*,;, can obtained from A^^,. In fact, ^ is rewritten 



2 



as 

w,fe = ^(-irA:„ (5) 

i=0 

and it is easily seen that 

t 

Nik = ^(-1)*"^^:^- (6) 

i=0 

(We remark that W^k = (-l)™('*,fc)iv™('''''\) 



All the intersection matrices discussed above have appeared in different contexts in combina- 
torics including design theory, association scheme, extremal set theory, etc. The most significant 
properties of which making them a handy tool arc the combinatorial identities they satisfy. The 
goal of the present paper is to introduce and investigate a more general framework in which the 
above intersection matrices arise as special cases and the identities involving them are derived more 
naturally. The structure of the paper is discussed in more details in the upcoming paragraphs. 



In Section 2 an intersection matrix Fli^{v){z) is introduced whose rows and columns are in- 
dexed by s-subsets and fc-subsets of a v-set, respectively, and whose entries are polynomials in the 
indeterminate z. Indeed, Fli.{v){z) can also be considered as a polynomial whose coefficients are 
some intersection matrices. This matrix is the most important tool to study other intersection 
matrices, their recursive structures and the identities satisfied by them. A new matrix Ul^{v) is 
then defied as C/*^(w) = 7TTT^sfe(i')(z) • This matrix generalizes all other matrices mentioned 
in this introduction (according to Theorem 2 (ii)). Another useful matrix studied here is Fsk{v){z) 
defined as F,k{v){z) = F2''^''''\v){z). 



Sections 3,4,5 and 6 are devoted to study some more facts about intersection matrices. In 
Section 3 we calculate the matrix product W^Fff. as a linear combination of derivations of F*^,. 
This reveals a close relation between this matrix product and the operation ^ . More precisely, we 
obtain W^F*,. = LgiF^f. where Lgi is expressed as a polynomial in terms of The result is then 
helpful to calculate WsjFjh in Section 4 using equivalency of matrices. In Section 5 we obtain F*^. 
as a multiplication of a matrix X^^ by Wtk- In Section 6 we demonstrate the block decomposition 
of all intersection matrices appeared in this paper. 



In Section 7 two bases for the Bosc-Mcsncr algebra of the Johnson scheme are studied using 
previous intersection matrices. In Section 8 we consider matrices Flf,{z) and W^^Flf, as matrices 
with the entries in the field of rational function M.{z), then obtain their eigenvalues. Also we com- 
pute the eigenvalues of matrices U^^ and U^^. Moreover, we give a closed form for the eigenvalues 
and the rank of N^^^. The rank of f/^ is also investigated. 
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2 The matrices Flj^{v){z) and Ufj^ 

Equation ([S]) is a motivation to define the generation function Flj^{v){z) as 

t 

FUv)iz) = Y,Al,{v)z\ (7) 

i=0 

When there is no danger of confusion, we drop v and/or z from the notation. The entry {S, K) of 
the above matrix is then computed as F^f,{v){z){S, K) = 4'e,t{z) where 9 = \S K\ and 



t 

z" 



i=0 



It is thus worthwhile to study the function ipe^t{z). It is easily seen that: 

tPe^t+i = ^e,t + (^^^^z*+\ 
il^e+i,t+i = "06,4+1 + zil^e,t, 

where the last equation is obtained from the two previous ones. Moreover, we have 

D^e+i,t+i = {0 + l)^e,u (9) 

= (10) 

where D in ^ means j- and the equation (fTU|) is obtained using the identity X]i=o(~-'^)'(^) ~ 



According to the definition oi il), \i 9 <t then i/'e.t = {z + 1)^. This encourages us to determine 
ijje^t in terms of z + 1 in general. Let ipg^t{z) — X^fco "^^(-^ + '^Y- Then by ^ and ([ll 



ae = —D^ilje,t{z)z=-i 



i-iy- 



-e-i 
t-t 



(11) 
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This is a motivation to apply the same technique to the function F^*^,. Write F^^. in terms of 



the powers of z + 1 and let Uli{v) be the coefhcient of (z + 1) , i.e. 



(12) 



From ^ and ((T2]), for < i,^ < t, we have 



z=0 



(13) 
(14) 



where F) = In the following we will see some results obtained by this technique. Applying (|14p 
to ([7]) we obtain (fT5| . This can simply be inverted as (fTH|l by applying to (fT^ . This yields 
the following lemma: 



Proposition 1. The following identities hold to be true: 

Uli^jZ{-ir'{^)iA\,. (15) 



t 



Ai. = Y.[]Wll (16) 



In the following theorem we give a closed form for the entries of the matrix [7*^ . This concludes 
that the new matrix generalizes matrices U^^ , N^^ and A*^, . The support of a vector is the number 
of nonzero elements in it. The support of each row of ?7*^ is given in the following theorem. This 
is of interest from computational point of view. 



Theorem 2. Let t,£,s,k,v be integers with £ < t and s,k < v, and let B = {f\ U + 
1, . . . , min(s, k)]. 

(i) For every s-subset S and k-subset K of {1, ...,«} with 9 = \S Cl K\, 

.^^.^..■)M-i,-'(:)(-!r) 

and this value is nonzero only if 9 ^ B. If moreover £ < t < min(s, k), then the support of 
each row of U is J^eeB (e) il-e) ■ 

(ii) Ulf = {-lYNl,, Uli = and = A*,. 
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(iii) 




re 

sk ' 



Proof. To prove (i), note that Ull{S,K) is computed in a similar way as ae is done in the 
beginning of Section 2. Moreover, it is easy to see that this value is nonzero if and only if either 
6 — £oit+l<9< min(s, k). These prove (i). (ii) is an immediate consequence of (i). (iii) follows 



The matrices N^^^U) = U^;°{U) and NIq{U) = -Uq'q{13) had important roles in finding 
t-designs with related parameters (see 0). We consider these matrices in the following examples. 
These are discussed more in feature sections. 

Example 1. The matrix Nf .j{U) is a (0, 1) -matrix in which Nlj{l'i){Ki, K2) = 1 if and only 
if either Ki = K2 or Ki D K2 — 0. The support of each row of this matrix is 2. Note that the 
rows of this matrix are included in the row-space of W6,7(14) and have minimum support among 
all vectors in this space. 

Example 2. The matrix NIq{U) is a (0, ±l)-matrix in which iV|e(13)(i^i, ^^2) equals +1 (-1) 
if Ki — K2 {Ki n K2 — 0). The support of each row of this matrix is 8 which is the same as the 
support of each row of W5.6(13). 



Define F,, := F.f"^^''^'. Then Fsk{S,K) = ELo(^ + lYu',,{S,K) = ELo(^ + ^YSisnK\,e- 



from (i) and (ii). 



□ 



Hence 



F,fc(5,if) = (z + l)l^n^l. 



Lemma 3. 



(i) iFl^)^i^^)=FU^)- Hence, Fl 



kk 



(z) is a symmetric matrix. 



(ii) Ift^ min(s,/c), then F*i 



sk 



{z) = F,k{z). 



(iii) Fkk{z)Fkk{u) = Fkk{u)Fkk{z). 



(iv) Al,Ai,=Ai,Al 



(v) Ul.Ui 
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Proof. (i) This is an immediate consequence of the definition of F^f.. 

(ii) We have F^^i^S, K) = Ve,t where 9 ^ \S C^ K\. Note that 9 < min(s, fc) = t so Ve,t = + 1)" 
and Fjfc = F^fc. 

(iii) Let Ki, K2 G Pk(v)- Then since Ki \ K2 and K2 \Ki are disjoint subsets of V with the same 
cardinahty, there exists a permutation cr G 5„ which maps A'l \ K2 to i4r2 \ -ftTi and vice versa 
and fixes the other points. We then have 

iFkk{z)F,,{u)){K^,K2)= + + 

KePk(v) 

= {Fkk{u)Fkk{z)){Ki,K2). 

(iv),(v) These are concluded from (iii). 

□ 



For two matrices A and B, we write ^ i? if A can be obtained from _B by a permutation on 
rows and a permutation on columns. In this case, we say that matrices A and B are equivalent. 
For instance Wsk ^ Ws^v-k- More generally, it is easily seen that 

tt£ tts—£ Tj-k~£ Tjv~s — k+£ 

'-^ sk ~ ^s,D-fc ^ '^v-s.k ^v-s,v-k ' 

In the following, similarity of matrices is used to find a proof for the identity useful identity 
(fT8| . given in [I2l[l3], based on the definition of Fsk{v){z). The identities following ([T8|) in this 
proposition are immediate results of it. These are used in future sections. We use the notation 
to denote the coefhcient of in F. 



Proposition 4. 



F,-a^.,-b{z) ~ (z+iy-^-'FaAz) (17) 
min(a,6) / i \ 



n=0 
min(i,j) 



n=0 
min(a,c) £ 



^ E E(:)(;::)(:::)C:::;:,>i « 



=0 n=0 
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Proof. Let A' ^ V \ A and B' = V \ B. Then 

F,_,,„_,(A',i?') = (^ + l)l^'"^'l 

= (z + iy"-"--b+\AnB\ 

= {z + ir---''Fab{A,B). 

This proves Note that W^a.fe W;Lfe,t,-a because A C X if an only if \ C y \ A. 

If one applies simultaneously a same permutation on the columns of Wak and the rows of VF^^., 
Wa,kW^, W^_,^_J¥,^u,.-b. Whence 



k 

a,' 

v — kiff^ I — a — 



min(a,6) , 

i; — a — 



,6 



min(a,6) , 

V — a — b 

V — k — j 



i=o 



concluding ([15]). (We note that the same ordering is used for the rows and the columns of both 
matrices.) To prove (jl9p . replace a and k in IjlSp respectively by i and j. Then multiply the 
identity from left and right respectively by W^^ and Wjc and use H]). 

To prove (PO)) . let and C be respectively an a-subset and a c-subset of {1, . . . , w }. It is easily 
seen that 

{KbUl,) (A, C) = \{BC {!,..., v}:\B\=b, \BnA\^i, \BnC\^j}\. 

Let £ — \Ar\ C\ and n — \Ar) B f) C\. To construct B one should select n points out of A n C, 
i — n points out oi A\C, j — n points out of C \ A and b — i — j + n points out of A' CiC . Thus 
we obtain 

min(a,c) 



i=0 n=0 \ / ^-^ / \ / 



^\ I c-l\ fa-t\ ( V - a - c + I 
b — i — j + n 



which provides the result □ 



3 Calculating l^^i^^ 

In this section we obtain a formula for the matrix product WjjFjf^. We mention that using the 
definition of F and previously mentioned equation one can compute this matrix product. However, 
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we use another method which reveals the relationship between the operator zD and this matrix 
product and gives the result as an expression in terms of derivations of F as a natural consequence. 
This equality can be considered as a differential equation containing matrices. We remark that some 
recursive equations satisfied by intersection numbers are previously studied in another framework 
(See for instance [1]). 

Below some definitions and facts used in this section are listed. 
We frequently make use of the following identity which holds for nonnegative integers £, m, n. 

E(-i)^r"')(,"^ )-i-^y^ir"''') (21) 

\ m J \k ~ n J \i — m — n J 

Following [TU] we use the falling factorial notation 

{x)n ■— x{x — 1) • • • (x — 71 + 1). 

We recall that the Stirling numbers of the second kind, denoted by S{n,k), arc the numbers of 
ways of partitioning an n-set into exactly k parts; and the Stirling numbers of the first kind are 
the number of permutations of Sn having exactly k cycles. It is well-known that the following 
recursive identities hold for 1 < fc < n: 

S{n + 1, fc) = kS{n, k) + S{n, k - I) 
s{n + 1, fc) = —ns{n, k) 

Moreover it is well-known that 

n 

k=l 
n 

^S{n,k)x'' 

k=l 

n 

s{n, fc)S'(fc, m) 

k—m 

Proposition 5. 

(i) Wj_,^,Fl,^,{z) = sFl.iz) - zDFl,{z), 

(i) ' Fl,_,{z)Wk-uk = kFl.iz) - zDFl,{z), 

(ii) W'7_i^,F,_i,fe(z) = sFsMz) ~ zDFsM^), 
(ii)' Fs,k~i{z)Wk-i,k = kFsMz) ~ zDFs,k{z), 

(in) wj_,^,uli,^, = {s- e)uli + + 1)^*;^'' 



-I- s{n, fc — 1) 



ix)r 
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(iii) ' Ulli_,Wk-i,k 

(iv) M/7-i,.c^i-i.fe 

(iv)' Ul,^,Wk-uk 

Proof. (i),(i)' By O and O we have = - Therefore 

1=0 

t t 

i=0 1=1 

which proves (i). (i)' foUows from (i) and Lemma . 
(ii),(ii)' Let t = s in the equations of parts (i),(i)'. 

(iii) , (iii)' By applying the operator to (i) we get 

Then using (fT4|) we obtain (iii). The other one is proved similarly. 

(iv) ,(iv)' Let t = s in (iii), (iii)'. 

□ 

In part (iii) of the previous proposition the expression W^^Ul'l is calculated for z = s — 1, 
but how can we calculate this expression in general? When t = k the answer of this question is 
obtained through a simple counting argument (this argument is appeared in the proof of part (ii') 
of Proposition [T]) . To find the answer in general, first notice that Proposition [SJ^i) can be written 
as Wj_i sFg-i ki^) — ^ ^-^)^s ki'^) (Here s — zD stands for si — zD where 1 is the identity 
operator). Next, note that from ^ it follows that 

w,^,+iW,+i^,+2 ■ ■ ■ i^.-i.s - (s - i)m.- 

Now by iterative use of proposition [S] (i) we obtain 

= - zD){s -l-zD)---{i + l- zD)Flk 

With slight change of notation, we can write more briefly 

^Is^ik = LsiF^f., 
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= i^-e)uik + ie + mtk\ 

-ik~mik + ie+m:i\ 



where 

Ls^ = , ^ - zD){s -\-zD)---(% + \-zD) 
{s-i)\ 

To simplify L^i, first we sliould study the operator zD. This is done in the following lemma. 
Lemma 6. Let n be a positive integer. Then 

(i) {zDr = Y:k=iS{n,k)z''D>', 

(ii) {zD)r, = z''D", 

(iii) (zD - ku = n! E"=o ("+tr') i^ir-'-^Dr. 

Proof, (i) The proof is by induction on n using the identity S{n +l,k) = kS{n, k) + S{n, k 
(ii) By the definition of s{n, k), 

n 

{zD)n = Y,s{n,k){zDf 

fc=i 

n k 

= J2s{n,k)J2S{k,i)zW' 

71 k 

n / n \ 

n 
i=l 

(iii) Using the identities 

{x + fc)„ = ^ r'\{x)r{k)n-r, and {-k)i = (-l)'(fc + i - 
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we have 



izD-k)„ = J2[] {zD)r{-k)n-r 



r=Q 



which imphes the result. □ 
Proposition 7. 



sk 5 



(i) WsFL-J2i-iy(\")^D^K 
(i') w,i^;*, = gMrL7)Ji?^^^. 

T — n V / 



r=0 



h=e 



sk 



Proof, (i) We have W^F^j^ — LsiFl^. and Lsi can be expanded according to Lemma[6]as foUows 



r-0 



r-0 

-EM)1'7)7T^^ 



.-^(^-0!E (-1)— '■l^Z?'^ 



(i') Considering Lemma [Jl^ii) , the result is obtained by setting t = s in part (i). 
(ii) Applying the operator D^/£l on (i), 



r=0 
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On the other hand, by Leibniz's rule 



3=0 

Thus, 



Letting z = — 1 in the above we get 



r=0 j=0 

= E "'^^^ 



/i=0 



where 



fh — j\ fs — h + j 



:)D-..-G)e-:-- 
:) (-1)- D-D- G!^) (■'-<:-■') 

/i\ / s — h 

s-i- h+i 
h\ ( s — h 



ill') Considering Lemma [31Jii) , the result is obtained by setting t = s in part (ii). We give an 
alternative direct proof for this identity by calculating the [S, K) entry of the matrices. It is 
observed that 

{WjXk) is, K) = \{I : |/| = z, / C |/ n X| = 

Let P ^\Sr\KlQ^ \S\K\. If \P\ = h then \lr\P\=i, \Ir\Q\^i-^, and |{/ : |/| = i,/ C 
S, \I r\K\^l}\^ (';) ("I^) . The right side, thus, equals 

EC)C;:nw,,-.^EC)C::>i<s,A-), 
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which gives the result. □ 
Note that by transposing the equahties of Proposition [5l one can obtain the values of i^* Wjk , 



S3 "J* 



F,,W,u , Um.u and U^W^u 



4 Calculating WsjFjk 



33^ J* 

In this section we find the matrix product WsjFjk. We use equivalency of matrices to deduce 
directly the above matrix product from the results of the previous section. 

Proposition 8. The following identity holds 

Ws,F,u ^{z+ (-!)'■ (""-'-A + ly-^-'^Fs,) (23) 

Hence 



where Gpj is defined as 



V — s — k 



Proof. The main idea of the proof is similar to the one used to prove identity (jT8|l of proposition 
m Note that Ws^j ~ Wj_j^^_g and Fjk ~ (z + l)~'"+-'+'^Ft,_j^i,_fe and because of the proper 
orderings of rows and columns we obtain 

Ws,F,k ~ (z+ 

= (z + 1)-^+^-+^ Y.(-^y fv-s~ r\ z^D^^ 

r=0 ^ J / ■ 

Since the rows (columns) of the last matrix has the same ordering as the rows (columns) of WsjFjk 
equality holds. Hence 
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u — s — r\ D 



V ~ ] 



V — s — r \ z 



-{{z+ir-'-^F.k) 



p=0 



V ]iv-s- k)r-piz + ly-^-^-^+PD^F.k 



r=0 p=0 
j-s j-s 



-k 



v-j J \ r-p 



z + 



i)-«"EE<iTi''rr:'H":':*'i(«+i) 

p—0 r—p ^ 



] 



r—p 



p\ 



p=0 ^ r=p ^ J / \ -P / 



1 



p=0 ^' ^=0 



where Up^i is as defined in the lemma. 



5 Factoring out Wtk 



□ 



In this section we factor out Wtk form F^j. and study the resulting matrix. 
By Equations (0), jH) and (P), 

F',, = X^,{z)Wtk, where X^,{z) = g -^Al,z\ 

Hence X^^{z){S, T) — f.{z) where — \S r]T\ and the function ^ is defined as 

t 







(26) 



(27) 



1=0 Kt-iJ i=0 Vt-iy 

Note that in the definition of ^ the upper bound of the summation is 9 instead of t. It is now 
worthwhile to study the function j. This function satisfies the following recursive equations: 



ck+l _ ck+l , ck 

■50+1, t+1 ^ ^e,t+i + -^se.tJ 



(28) 
(29) 
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In the following lemma the value of ((— 1) is calculated. To simplify the obtained summation, 
we use high-order differences method (This method is discussed for instance in Sections 2.6 and 
5.3 of 7 ). 

Lemma 9. Let {k -t,0)^ (0, 0). Then 

Proof. By the definition of ^Iti-'^) = Eto(-l)'(!)/M, where = l/(^Z^- Defining the 
operator A by Afi^t = fi+i,t - fi.t, 

On the other hand, it is easily proved (by induction on m) that for any nonnegative integer 
'in<t-j, 

h — f 

which completes the proof. □ 

Note that ^ = (z + 1)^ and j = 1. This is also follows from ([50]) if we simply eliminate the 
term k — t from nominator and denominator in the case 6 ~ 0. With this convention, the condition 
{k — t,9) ^ (0, 0) is not necessary in the above lemma. 

Proposition 10. Let Y^/ be the matrix with the entries 



Then 



Uli^Y^fWtk. 



Proof. Let = J^Lo + ^Y- Then 



i-iy-'Oik-£) 



(by m) 



{k-t + 6-l){\-_l) 

It turns out that X^j(z) = X^fco '^sti^ + 1)^- Comparing and completes the proof.D 
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6 Block decompositions 



It is well-known that the matrix Wsk{v) has the following recursive structure: 



Ws-l,k-l{v - 1) 


O 


W,,k-i{v-l) 


Wsk{v-l) 



This block decomposition played a significant role in determining a diagonal form for Wskiv) as 
well as in studying integral solutions of the system WgfeX = b ( We mention that the integral 
solutions of H^tfeX = b are called 'signed t-designs'), see [S| ITS]. 

In this section, we study a recursive decomposition of Fl^{v){z). We obtain general results 
which in turn induce decompositions on J7*^. 

Theorem 11. We have the following recursive structures: 
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(i) nfeW(^) 



+ i)FlZl^-A^ - l){z) + z'Al_,,^_,iv - 1) 






FUy-i)i^) 



(ii) 



{z+l)Fs-i.k-i{^~l){z) 


Fs-i,k(v - l){z) 


F,,k-i{v ~ l){z) 


F,,kiv-l){z) 



UlZliz\{v - 1) + (-l)'-^a)A*_l,.._l(^; - 1) 









(iv) 



(v) 



(vi) 



Proof, (i) Clearly the first (^Zj) s-subsets of {l,...,v} in the lexicographic ordering contain 
the element 1 and the rest of them do not contain 1. Using the similar fact about the columns, 
the matrix F is divided into four blocks. Now we determine the four blocks. We do this for the 
block (1, 1). Let 1 e 5 and 1 G and let S' = 5 \ {1} and K' ^ K\ {1} and 9 ^ \S H K\ and 
9' = \S' n K'\. Then = 0' + 1 and 

= (z + l)iJe',t-i + ( ^ ) [by equation ©] . 



Thus the block (1,1) equals {z + 1)-F;_i fc_i(w - 1) + z*Al_j^ ,^_j^{v - 1). The other blocks are 
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determined similarly. 

(ii) Let t = s in part (i). 

(iii) Apply the operator /£l to the both sides of part (i) and set z = — 1. 

(iv) Let s — t in part (iii). 

(v) This is obtained from (iii) by setting t = 0. 

(vi) This is obtained from (ii) using A*^ = -^Fsfc(O). □ 



7 Johnson scheme 

An association scheme with d classes is a set of d + 1 square (0, l)-matrices Xq, Xi, . . . , X^ which 
satisfy 

(i) Y^U^^-J^ 

(ii) - /, 

(iii) X^ =Xj, fori = 0,1,..., d, 

(iv) X,X, = EtoPfj^^' for z, J e {0, 1, . . . , d}. 

The numbers p\j are called the intersection numbers of the association scheme. From (i) we see 
that the matrices Xi are linearly independent, and by use of (ii)-(iv) we see that they generate 
a commutative {d + l)-dimensional algebra of symmetric matrices with constant diagonal. This 
algebra is called the Bose-Mesner algebra of the association scheme. 

The Johnson scheme J{v, k) is a fc-class association scheme in which the rows and the columns 
of each Xi is indexed by all fc-subsets of a ?;-set and Xi{Ki, K2) = 1 if and only if \KinK2\ = k — i, 
for i — 0,1, . . . , k. In other words, Xi — U^~^^ . In this section we introduce two new bases for the 
Bose-Mesner algebra of J{v, k) and obtain the associated intersection numbers. 

Remark 1. Since the matrices of the association schemes are (0, 1) square matrices, we have to 
consider square matrices in this section. But the equations (i) and (iii) at the beginning of this 
section have the following analogues for non-square matrices 

min(s,i,fc) 

The last equation is obtained by setting z = in ([7]) and (fT^ . 
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The first new basis for the Bose-Mesner algebra of J(w, k) is {^^j, : i = 0, . . . , /c}; this follows 
from Equations ([TS]) and ([T6|) . To introduce the second basis consider the matrix ufiJ' defined as 



1, if|5nif|> 
0, otherwise. 



Whence, we have Uff^^ — J2e'=e^sk ^^"^ ^sk — ^fk ~ ^fk^^ ■ "^^^^ shows that the matrices 
{^kk : ^ = 0, . . . , fc| form a basis for the Bose-Mesner algebra of J{v, k). The relation between 
the two new bases is also demonstrate the relation below. 



Proposition 12. If £ > 0, then 



ul' = j:(~^y-'[;_l]A^sk. (32) 



i - 1 



Proof. Let G,k{z) = F,kiz-l) and H,k{z) = ^(G,fe(z) - G,fc(l)). ThenG,fc(z) - ELo^L^ 
and Hskiz) = J2t=i Kkiz - 1)*"^ Therefore 

ufk' = E ui 

'Y.z^]Gsk{z) 



j^z^ {Gsk{z)-Gsk{l)) 



i=0 

= [z^+^]((z«+i-l)i/,,(z)) 



z=0 



□ 



Define the intersection numbers and as 



^kk^kk — ^'^'''ij^kk: ^'^^ Ul^.Ul^. — ''^PijU) 

From (HH) and ((201) we obtain 



kk- 
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Proposition 13. The values of parameters r^^ and pf^ are as follows: 



, I (t\(k^l\(k-l\( v-2k^l\ 



v-i~3 \(k-t\(k-t\ ^ J ^ (t\(k~ l\(k- l\( V -2k 

k-i-2+i)\i-l)\2-tj 



8 Eigenvalues and rank of intersection matrices 

The eigenvalues of the matrix Uj^^^, for £ = 0,1,..., A;, of the Johnson scheme J{v,k) can be 
expressed in terms of "Eberlein polynomials" (see [HIS]) which are 



with multiplicity (") — ("j^), for j = 0,1,..., fc. In this section, we modify the Wilson's proof 

^kk 



of Lemma I of [ini (cf. [TH [Tl|) to obtain the eigenvalues of Fl^.{z) and [/^^ as well as U^^ 



Moreover, we give a closed form for the eigenvalues and the rank of Nj^^. . The rank of U^f. is also 
investigated. 

The following lemma which gives the eigenvalues and the corresponding eigenvectors of is 
proved in [12] and its proof is based on Proposition [131 The following decomposition of R^*) is 
used in the lemma: Fix fc and let Rj denote the row-space of Wjk over the field R. As mentioned 
before Rq C R^ C ■ ■ ■ R^, ^ m(^) . Now let Vb = Rq, and Vj := RjnRj-_i for j = 1, . . . , fc. Evidently 

dim(i?.) = G')-(A)- 

Lemma 14. With the above definitions, for any xj G Vj, one has A^j,Xj^ = AjXj^, where 



A, 



0, otherwisi 



In other words, the vectors of i?^ are eigenvectors of the value for A],/, and the vectors in Vj , 
^ j ^ i are eigenvectors for the value ("^^.7*) ■ 

The following theorem determines the eigenvalues of Flf.{z). Before this we need some further 
definitions: Fix fc and let Rj{z) denote the row-space of Wjk over the field of rational functions 
M.{z). and let Vo{z) = Rq{z), and Vj{z) := Rj{z) n Rj^i{z)-^ for j = 1, . . . , fc. It is easy to prove 
that a basis of Rj (resp. Vj) can also be considered as a basis of Rj{z) (resp. Vj{z)). 

Theorem 15. Let < t < k < v/2. Consider Ff,f.{z) as a matrix with entries in the field of 
rational functions R{z) . Then the eigenvalues of F^f,{z) are 
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where the exponents indicate the multiplicity and 



i — j J \ k — i 



for j = 0,1,..., i. Furthermore, with the above notations, the vectors in Vj{z), < j < t are 
eigenvectors for the value , for j = 0, • • ■ ,t. The other eigenvectors (which correspond to the 
eigenvalue 0) belong to Rt{z)^ . 

Proof. Considering Fl^{z) — X]*=o ^I-fe-^* ^^"^ proof follows form Lemma [Ml □ 
Corollary 16. Let < t < k < v/2. The eigenvalues of UH. are 

' 1 1 ■ ■ ■ 1 ^'i 7 ^ 7 

where 

/or j = 0,1,..., i. 

Proof. This corollary can be proved using p5|) and Lemma [TH An alternative proof is obtained 
by using theorem [TS] According to this theorem, the space of eigenvectors of a given eigenvalue of 
Fl.j,{z) has a basis independent of z. Thus the eigenvalues of ^r^kki^) ^'^^ obtained by the action 
^ on the eigenvalues of F^^(z). The result is them provided by setting z — —1. □ 

In view of ([32]) . the following follows from Lemma [Ml 
Corollary 17. Let ^ > and k < v/2. The eigenvalues of U^^ are 



i=e 

with multiplicity (p — {jli) , for j — 0,1, . . . , k. 
By Corollary ]TEl the eigenvalues of Ul'l^ are 



z - 1\ /fc - j\ /-y - j - i\ 
i-lJV-jJ\ k-z J' 



k 



A,M-i)f\-::')-s<-)'G:;)C^i;" 



The case k — t — lis discussed in the following. 
Corollary 18. Let k< v/2. Then 
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(i) the eigenvalues of the matrix N^/^ ^ are 
where 

A, = l- f . I forj^O,l,...,k-l; 

(ii) rankiV,\7i(2fc) = if,'=); 

(iii) ra.nkNj^j^^{v) = (^.^ J provided that k < v/2. 

Proof. (i) Consider N^'^ = (-1)''"^^^^^^'° and use Corollary[H 

(ii) Setting w = 2fc in part (i) yields = 1 + {^^^) = 1 + (-1)^-^+1 for j = 0, 1, . . . , /c - 1. Hence 
Xj 7^ if and only if 2 | j + /c — 1. Therefore 

2|j+fe-l 

The result now follows form the identities {^^) = 2^''-^ and 2J2j (/A) = S^*^ - (2^'=), 
where j runs over the same set as in the above sum. 

(iii) It is easily seen that in this case Xj ^ for all j = 0, 1, . . . , fc — 1, thus rank A''^jr^(w) = 

s,to^(0)-(A))-(.-i)- 

□ 

Example 3. For the matrix Nl^iU), = 1 - {~^^) = 1 + (-1)^ for j = 0, 1, . . . , 6. Thus the 
set of eigenvalues of N^^{1A) is {2^''^^, 0^"^^^}. So N^.j{14:) is a square matrix of order 3432 and 
rank 1716. For the matrix Nle{13), Xj = I - (gl^. ) = 1 + (-1)^+1(7 - j), for j = 0, 1, . . . , 6. Thus 
the set of eigenvalues of -/V| g(13) is 

|(_6)i, 712, (-4)*^^^ (-2)429, 3"2, 0^29} . 

So A^g g(13) is a square matrix of order 1716 and rank 1287. 

Theorem 19. Let 0<t<s<k< v/2. Consider Fl^,{z) as a matrix with entries in the field of 
rational functions R(z). Then the eigenvalues of the matrix Wj^.Fl^,{z) are 

ao(z)("),ai(z)(")~(o), . . . ,at(z)(")"(t-i),o(fc)"("), 

where with notations of Theorem \15\ we have Oij{z) = LkslJ-j{z) and thus 

»,wM-ir'E(::;)C7ir)(*i.r;)''. m 
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Proof. Again we remark that in theorem the space of eigenvectors of a given eigenvalue of 
F^i.{z) has a basis independent of z. From this and the equation Wji^F*/. — LksFlj^ it is conchided 
that the eigenvalues of Wj^^Fl^ are of the following form 

{Lks^io{z)i^ , (Lfe,//i(z))(i)-(o), • • • , (Lfc,A^t(z))(*)-('-i),0®-(*) 

and this yields the result. □ 

Corollary 20. Let < s < k < v/2. The eigenvalues of the matrix Wjj^U^i. are 

Jo) (l)-(o) ^p-U.) .iD-C) 

where 

i\fk~j\/v~j — i\fi — s — 1 



■i— min(j/,^) 

for j — 0,1, ... s. Hence 

rankC/4= ^ 



v\ ( V 
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